ABSTRACT: The structural and physical properties of DNA are closely related to its geometry and topology. The classical mathematical treatment of DNA geometry and topology in terms of ideal smooth space curves was not designed to characterize the spatial arrangements of atoms found in high-resolution and simulated double-helical structures. We present here new and rigorous numerical methods for the rapid and accurate assessment of the geometry and topology of double-helical DNA structures in terms of the constituent atoms. These methods are well designed for large DNA data sets obtained in detailed numerical simulations or determined experimentally at high resolution. We illustrate the usefulness of our methodology by applying it to the analysis of three canonical double-helical DNA chains, a 65 bp minicircle obtained in recent molecular dynamics simulations, and a crystallographic array of protein-bound DNA duplexes. Although we focus on fully base-paired DNA structures, our methods can be extended to treat the geometry and topology of melted DNA structures as well as to characterize the folding of arbitrary molecules, such as RNA and cyclic peptides.
INTRODUCTION
The intertwining of the strands that bear the complementary bases of the double helix introduces topological properties in spatially constrained DNA molecules. Changes in the local base-pair structure, such as the melting that accompanies the transcription of the genetic message into RNA or the replication of the strands into daughter molecules, perturb the overall folding of covalently closed duplexes and looped fragments anchored at both ends to a protein scaffold. The interplay of local and global structure accordingly determines how DNA functions within the small, tightly packed confines of a cell.
Advances in structural and computational biology are now making it possible to decipher the effects of base-pair sequence, bound proteins, and small molecules on the local structure of DNA, 1−5 and state-of-the-art computations 6−17 are complementing these findings with direct examples of the influence of local sequence-, ligand-, and solvent-induced deformations of DNA helical structure on the spatial configurations and properties of increasingly longer chains. The rich details of molecular structure revealed in the numerical studies, ranging from the time-dependent positions of individual atoms collected in molecular dynamics calculations to the fluctuations of long molecular fragments extracted from Monte Carlo simulations, contrast sharply with the traditional mathematical treatment used to relate the local and global properties of double-helical DNA.
The traditional theory of DNA geometry and topology represents the double helix as a ribbon constructed from smooth curves describing an idealized structure. 18 The local structure is characterized in terms of the twisting of the edges of the ribbon about a curve through its center, called the centerline, and the global structure is described in terms of the folding of the centerline. The twisting of the ribbon is analogous to the winding of either strand of DNA about a smoothly deforming double-helical axis, and the pathway of the centerline is equivalent to the higher-order folding, or supercoiling, of the double-helical axis. A quantity Wr, called the writhing number, or writhe, is a standard measure of the global configuration of a closed space curve. A second quantity Tw, referred to as the total twist, quantifies the twisting of a ribbon about its centerline. The sum of Wr and Tw, expressed as the number of turns of the ribbon, is referred to as the linking number Lk. Moreover, the value of Lk is an integer if the ends of the ribbon are brought together such that the edges form a continuous curve and the surface bounded by the edges of the ribbon is free of self-intersection. 19−21 Under conditions where the ribbon remains intact, changes in the global chiral folding, measured by the writhe, thus compensate for variations in the local twist. Such conditions hold in the case of DNA if the bases remain paired and the complementary strands have no covalent breaks.
Because DNA molecules are discrete objects, described in computations and experiments by collections of points rather than smooth curves, determination of the topological properties of the detailed structures now at hand requires careful adaptation of the traditional mathematical formalism. For example, given the nature of the dependence of Wr on the distances between the points along a smooth closed curve in the well-known Gauss integral expression, 22, 23 approximation of the writhing number by a summation of corresponding terms fails if parts of the DNA come into close contact, 24 such as at the crossover points of braided or plectonemic configurations. Computation of the total twist of a discrete molecular pathway similarly requires an expression that yields an integer when combined with the writhing number of a closed structure. As shown recently, 25 the twist angle commonly used to describe the relative spatial arrangements of base-pair steps differs from the so-called twist of supercoiling, which is connected to the global pathway. As a consequence, one has to add to the writhing number the total twist of supercoiling to get the correct linking number.
Limitations on the computer resources needed to perform the demanding simulations of large DNA structures necessitate efficient as well as accurate determination of chain properties. As a first step in developing a set of methods to characterize the topology of the discrete structures generated in Monte Carlo and molecular dynamics simulations, here we present the mathematical framework needed to obtain exact, alternate expressions of Wr and Tw applicable to an arbitrary set of (smoothly connected or discrete) points and a general formalism that allows for the treatment of the wide variety of structural data generated in various numerical studies, such as the vertex positions and base-pair parameters used in different Monte Carlo studies, 6,9,14,16 the bead coordinates and orientations collected in Brownian dynamics simulations, 7, 12 and the atomic coordinates reported in molecular dynamics studies. 10, 11, 13, 17 Our methodology applies as well to the topological characterization of the growing number of DNA structures determined experimentally at high resolution and stored in the Nucleic Acid Database 26 and Protein Data Bank. 27 We limit attention, however, to double-helical structures and leave the more sophisticated methods needed to treat highly melted and other unusual DNA structures to a forthcoming publication.
Our goal is to bridge the gap between the traditional mathematical tools used to describe the geometry and topology of smooth curves and the discrete nature of DNA structures at the atomic scale. As we will show, the adaptation of the mathematical framework is not straightforward. One must define discrete quantities consistent with their smooth counterparts and, at the same time, derive a coarse-grained representation that captures well-known features of the double helix. To the best of our knowledge, we provide, for the first time, methods to evaluate the topological properties of DNA at the level of the constituent atoms. With such methods it becomes possible to observe whether structures determined experimentally or generated by numerical simulations resemble ideal models. One can also relate modifications in the atomic structure to global changes in the conformation and the folding of DNA.
The cornerstone of our approach is the treatment of DNA as a discrete ribbon and the rigorous quantification of geometry and topology characteristic of this representation. The traditional perspective of DNA is easily extended to real threedimensional structures within this framework and can be adapted to capture the changes in topology within individual strands, at localized sites, or in different chemical components of a covalently closed or spatially anchored duplex. We start by reviewing the classic ribbon model of DNA and the known definitions of ribbon topology. We next introduce our discrete ribbon representation of DNA and develop several new equations to describe the topology and geometry of a ribbon defined by an arbitrary set of points and the differences in topology between closely related structures. We then show how our approach can be applied to various types of DNA structures and present some numerical examples. We conclude with a discussion of the general applicability of the methodology to the treatment of the topology of arbitrary molecules, such as cyclic peptides and folded RNA.
PRELIMINARIES
As mentioned in Section 1, in our discussion of the topology of DNA, we shall show that the double-helical nature of DNA can always be made to be consistent with a ribbon representation.
Here we give a short overview of such a representation, first for the case of a smooth ribbon and then, in the next section, for the case of a discrete setting.
2.1. Smooth Ribbon Geometry. We consider a closed ribbon generated by starting with a curve having a so-called adapted framea centerline, corresponding to the central axis C of the ribbon, with a certain triad of mutually orthogonal unit vectors attached to it. The path of C is given by r(s), where s is the arc length, which is a parameter describing the position on the curve such that the derivative of r(s) with respect to s gives a unit vector, and the frame attached to it is denoted m̲ (s) = {m 1 (s), m 2 (s), t(s)} as illustrated in Figure 1 . Note that the frame is adapted to the centerline in the sense that m 1 (s) and m 2 (s) are not only normal to each other but also normal to the tangent t(s) = dr(s)/ds of the centerline, which is the third member of the triad. We also assume that the closed ribbon is nonintersecting, which means that the surface bound by the two edges of the ribbon is free of intersection with the two edge curves. As shown by White and Bauer, 19 this assumption is necessary to ensure that the topological properties of the ribbon, which will be detailed below, can be written in a simple form.
We specify, without any loss of generality, that the surface of the ribbon contains the unit vector m 1 (s), which points toward C u , the curve that is the upper edge of the ribbon, and that the unit vector m 2 (s) is normal to the surface of the ribbon as illustrated in Figure 1 . Note that the upper edge of the ribbon is given by r u (s) = r(s) + hm 1 (s), where 2h is the width of the ribbon, and the lower edge C l is given by r l (s) = r(s) − hm 1 (s).
The kinematics of the ribbon is also characterized by the Darboux vector Ω(s), which quantifies the rate of spatial rotation of the material frame along the centerline. The magnitude of the component of Ω(s) normal to the tangent of the centerline can be shown to be simply the curvature of C, κ(s) = |dr(s)/ds|, and its component, τ(s), along the tangent, corresponds to the twist density. The Darboux vector can then be written as
where b(s) = t(s) × t′(s)/|t(s) × t′(s)| is the binormal vector of the centerline. The twist density τ(s) is given by 
where the prime indicates differentiation with respect to arc length. In other words, the twist density of the ribbon is related to the twisting of the edges about the centerline. Finally we recall that the frame evolution along the centerline is given by Figure 1 . Smooth ribbon geometry. The geometry of a smooth ribbon is described by its centerline C, its upper and lower edges, C u and C l , and a material frame, m̲ (s) = {m 1 (s), m 2 (s), t(s)} attached to C, where t(s) is the unit tangent of the centerline at arc length s. Both edges of the ribbon can be simply expressed in terms of the centerline, m 1 (s), and the width of the ribbon.
, where m is any vector in the material frame {m 1 (s), m 2 (s), t(s)}.
Following the work of Langer and Singer, 28 we can also introduce an adapted natural frame for the ribbon centerline (called the Bishop frame), 29 which will be useful within the discrete ribbon setting. This frame, denoted {u B (s), v B (s), t(s)}, is different from the material frame in the sense that its propagation along the centerline is twist-f ree. The Darboux vector associated with this natural frame is given by Ω B (s) = κ(s)b(s), which implies that there is no tangential component and hence no twist. In other words this frame follows the centerline but the vectors u B (s) and v B (s) do not necessarily point toward the edge of the ribbon (in general, they do not). It then turns out that at any point on the centerline, the natural frame, and the material frame only differ by a rotation of angle θ(s) about the centerline tangent t(s). We will refer to this angle as the integrated twist density and the rate of variation of this angle along the ribbon centerline as the twist density, that is,
For the closed ribbon, all of the functions of arc length defined in this section, except for the Bishop frame axes, are periodic: whatever value any such function has for a given value of s, it will have the same value when the arc length is set equal to s + L, where L is the length of the ribbon, for example,
2.2. Smooth Ribbon Topology. We next define the linking number, the writhing number, and the total twist and then describe the role these quantities play in a smooth closed ribbon.
The linking number, an integer, is a global quantity describing the entanglement of two closed space curves. It is, in fact, the algebraic sum of all of the signed intersections that one of the curves makes with a surface bounded by the other curve. 18, 20 It is often referred to as a topological invariant 21 because during any deformation of the curves, the linking number remains constant as long as the curves do not intersect each other. For two nonintersecting closed curves C 1 and C 2 given by r 1 (s 1 ) and r 2 (s 2 ) the linking number, defined in the form of a Gauss integral, 22,23 is 
where t 1 (s 1 ) and t 2 (s 2 ) are the unit tangents to C 1 and C 2 , respectively, and s 1 and s 2 are, respectively, the arc lengths of C 1 and C 2 . The writhing number Wr(C) characterizes the global folding of a single closed curve C. It is a measure of the chiral distortion of that curve from planarity. As discussed by Fuller, 30 the writhe of a closed curve C can be defined as the number obtained by averaging, over all orientations of a plane P the directional writhe, which is the sum of the signed self-crossings that occur in the planar curves obtained from the perpendicular projection of C on P. The writhe can also be expressed as a Gauss integral, 21, 30, 31 
where t(s) the unit tangent to the curve C, and s and s′ denote two positions on the curve.
Like the linking and writhing numbers, which are global quantities involving closed curves, the total twist of one curve, C 2 , about the another, C 1 , denoted Tw(C 2 ,C 1 ), is also global, but the curves C 1 and C 2 need not be closed. The total twist can always be expressed as a single integral. In the case of the smooth ribbon having a width 2h, we take C 1 to be the centerline C given by r(s) and the curve C 2 to be the curve C u traced out by the upper edge and given by r u (s) = r(s) + hm 1 (s). This twist (in units of number of turns) is simply the integral of τ(s), the twist density (eq 2), about the centerline, divided by 2π, i.e.,
Note that the value of the total twist does not depend on the value of h used to generate the curve C u but only depends on the rate of rotation of C u about C.
In the case of a closed smooth ribbon, if n is the integral number of turns of 2π radians imposed on the original open flat ribbon before it is closed, then it is not difficult to show that the linking number of all pairs of ribbon curves of the form r 1 (s) = r(s) + c 1 m 1 (s) and r 2 (s) = r(s) + c 2 m 1 (s) is n. We have chosen the curve C 2 to be the upper ribbon edge C u (c 2 = h) and curve C 1 to be the centerline C (c 1 = 0). The integer n is often referred to as the ribbon linking number. This linking number is unchanged if the ribbon is deformed into a new shape as long as, during the deformation, the ribbon is not broken, and there is no intersection of any of the curves on the ribbon.
Not only is it well-known that the topology of a closed ribbon can be characterized by the integer n, the linking number of either one of the edges of the ribbon and its centerline, but also that the linking number can be expressed as the sum of the writhing number of the centerline and the total twist of an edge, here the upper edge, about the centerline
Similarly, when we consider how the value of the twist of the upper edge of the ribbon about the centerline changes during a ribbon deformation of the type mentioned above, in which the linking number is constant, it follows that the change in the value of the total twist, δTw, is simply the negative of the change in the writhing number of the centerline, − δWr.
2.3. Ribbon Representation of Ideal DNA. Several studies have addressed the ribbon representation of the DNA double helix. For example, White and Bauer 32 derived the centerline and the material frames of a DNA ribbon from a set of two smooth closed curves, H and S, that represent, respectively, the helical axis and one of the strands of an ideal covalently closed DNA double-helical molecule.
The vector c(t) that connects corresponding points on the two closed curves, where t is a common parametrization of both curves, e.g., P 1 (t) located on curve H and P 2 (t) located on curve S, as illustrated in Figure 2 , is called the correspondence vector. When combined with the unit tangent of one of the curves, the correspondence vector defines the cross-section of the DNA ribbon, that is, the ribbon material frame. The material frame is defined by t(t) the unit tangent of curve H, m 1 (t) a unit vector perpendicular to t(t) and lying in the plane of t(t) and c(t), and m 2 (t) a unit vector obtained by the right-hand rule. The positive direction of m 1 (t) is taken along k(t), which is defined as
The material frame attached to H is then given by
This frame represents a material frame in the sense that the director vectors, m 1 and m 2 , follow the twist of S around H. The total twist of S about H can then be evaluated by the use of this material frame (eq 6). However, as discussed by White and Bauer, 32 even though the material frame is based on a particular definition of the correspondence vector, the total twist does not depend on the choice of mapping between curves H and S.
DISCRETE MODEL FOR RIBBON GEOMETRY AND
TOPOLOGY We begin this section with a mathematical description of the centerline with its attached material frame for a closed discrete ribbon and then move on to a discussion of the geometry and the topology of such a ribbon. . We denote the angle between the incoming and outgoing tangents as α i (see Figure 3 ). The adapted discrete material frame, denoted
}, is attached to the midpoint of each segment of the centerline. A discrete ribbon configuration is fully specified by the values {v i } and {m̲ i } and henceforth denoted {v i ; m̲ i }. Given the segmented centerline with its set of material frames, an approach along the lines of the method used to define the smooth ribbon can be used to determine the positions of the vertices that make up the upper and lower edges of the discrete ribbon. Here these vertices are respectively defined by (v i + v i+1 )/2 + hm 1 i and (v i + v i+1 )/2 − hm 1 i , where h is half the width of the ribbon.
As with the smooth ribbon, the periodic nature of the closed discrete ribbon gives rise to the fact that for any segment or vertex property, adding N to the position label does not change the position or property.
3.2. Geometry. We now present methods to evaluate the curvature and the twist density of the discrete ribbon.
3.2.1. Discrete Curvature. Although the curvature of the segmented centerline on the discrete ribbon is zero everywhere except at the vertices, where it is infinite, it is possible to derive a formula for the integral of the curvature and the average curvature associated with each vertex. Further insight into the nature of this type of centerline curvature is given in Appendices A.1 and A.2.
We define the length associated with each vertex, denoted i , as 33, 34 
This length can be regarded as the integration domain attached to each vertex 33 and is used to define average vertex-based quantities.
As shown in Appendix A.2, the integrated curvature across a vertex is equal to the turning angle at this vertex. The average curvature associated with the i-th vertex, denoted as κ ̅ i , is then written as the turning angle at this vertex divided by the associated vertex length, that is
which, for simplicity, we will refer to as the curvature in the examples below. 3.2.2. Discrete Twist Density. As discussed in Section 2, we can take advantage of the elegant work of Langer and Singer 28 to compute the twist density associated with a given vertex. Our goal is to provide a discrete analog of that expression (eq 3) along the lines of the work of Bergou et al. 33 Considering the i-th vertex v i and the two adjacent material frames m̲ i-1 and m̲ i , we introduce the rotation operator
and ( , )
This operator is the rotation about the binormal at the i-th vertex by an angle α i , 35 which is the turning angle between the two tangents (see Figure 3 ). The material frame m̲ i-1 defined on the (i − 1)-th segment can be transported onto the next i-th segment by applying this operator. The transported frame m̲ i★ is then given by m̲ i★ = R̲ i (b i , α i )·m̲ 1 i−1 . This transport step is equivalent to the twist-f ree propagation of the adapted natural frame in the smooth setting. The angle θ i between the two frames m̲ i★ and m̲ i can thus be computed with the use of the 
| is the binormal and α i is the turning angle between the tangents t i−1 and t i . 
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where θ i is always taken in the range [−π;π]. The angle θ i corresponds to the integrated twist density along the vertex domain. The average discrete twist density at the vertex v i can accordingly be expressed as
which we will refer to as the twist density in the examples below. This equation is the discrete counterpart of the definition of the twist density given above for the smooth ribbon (eq 3). Since b i is normal to both t i−1 and t i , the sum of the angles between m 1 i−1 and b i and between b i and m 1 i leads to the same value for the integrated twist density θ i .
Our definition of the twist density as a vertex quantity differs from the approach taken by Britton et al., 25 in which the twist density is associated with a segment. In the cited reference the vertices lay at the centers of the DNA base pairs. Each m 1 i vector, the direction of which depended on the orientation of the associated base-pair plane about its normal, emanated from a vertex and was perpendicular to a unit vector pointing in the direction of the sum of the incoming and outgoing tangents. The twist, in this case ascribed to a pair of adjacent base pairs, is the sum of the three angles specified in Appendix B.
3.3. Topology. Now that we have introduced our discrete ribbon setting and its geometry, we present several methods to compute the topology of a segmented ribbon. We first present the definitions of the linking number, the writhing number, and the total twist of the discrete ribbon and then derive some methods to quantify changes in ribbon topology.
3.3.1. Linking Number: Direct Evaluation. We start with a method for the direct integration of the Gauss integral for the linking number (eq 4) for two segmented curves.
Our method is an extension of the method discussed in the papers of Swigon et al. 36 and Britton et al. 25 for the computation of the writhing number of a segmented curve. The very same method used in those papers can be used to write the linking number of two discrete curves as a sum of dihedral angles computed between all pairs of segments, one from each curve. For our discrete ribbon, the two curves are the centerline and one of the edge curves (we choose the upper edge curve) that can be constructed from the vertices {v i } and the material frames {m̲ 
The two planes, one formed by the segment (v i , v i+1 ) and r ij (s 
( , )
where t i and t j are the respective tangents of the first and the second segments.
The expression obtained for the writhing number of a segmented curve by Britton et al. 25 then implies that the linking number of a discrete ribbon configuration Lk{v i ; m̲
where the (p, q) pairs are such that segment p is part of the centerline and segment q is part of the traced-out material curve. The contribution of each pair is of the form:
pq pq pq pq pq (16) Although the evaluation of the linking number of two segmented curves with this expression is costly from a computational point of view, it has the advantage of being direct and exact (up to the numerical precision of the computation).
3.3.2. Writhing Number. As mentioned above, the writhing number of a discrete ribbon can be computed using the methods of Swigon et al. 36 and Britton et al. 25 Klenin and Langowski 37 have also addressed the writhing number of a segmented DNA curve, along the same lines as Levitt, 24 as a sum of four angles. The latter angles are related to the solid angles of viewing directions along which all pairs of line segments intersect and thus are different from the dihedral angles employed here.
The writhing number of a closed discrete curve, in our case the centerline of the discrete ribbon, can be written as
where the sum is taken over all pairs of centerline segments such that double counting is avoided. The contribution w pq to the sum for the pair of segments defined by p and q is (18) where ξ pq (s p , s q ) is obtained using the dihedral angle definition described above (eq 14).
3.3.3. Total Twist. The total twist in the smooth setting is an integral of the twist density (eq 2). In the discrete setting the total twist can be expressed simply as the sum,
where the angle θ i corresponds to the integrated twist density (eq 11). We recall that by the total twist of a ribbon we mean the total twist of one of the ribbon edges about the ribbon centerline. 3.3.4. Linking Number Decomposition. Given the above expressions for the writhing number (eq 17) and the total twist (eq 19) of a closed ribbon within our discrete setting, we can also obtain the linking number of the ribbon, that is the linking number of one of the edges and the ribbon centerline, by adding the writhing number to the total twist (eq 7):
We emphasize the fact that the methods discussed here to determine the writhing number and the total twist within our discrete ribbon setting do not lead to an approximation of the linking number: the sum of the writhing number and the total twist always gives an integer 28, 38 (up to the precision of the computation).
3.4. Computing Changes in the Topology. Numerical simulations of DNA configurations commonly entail incremental changes in the system (such as changes in the position and the orientation of the system components). For a new configuration, obtained by the application of incremental changes to an original configuration, it is always possible to evaluate the topology for each configuration on its own. However, it is often preferable to compute directly the variation in the topology induced by those incremental changes. In the case of closed double-helical DNA, it is possible to take advantage of the conservation of the linking number to obtain efficient computational methods to track the changes in the topology of the molecule.
We consider a discrete closed ribbon configuration {v i ′; m̲ i ′} obtained from an original configuration {v i ; m̲ i } by applying some incremental changes, meaning that we have in symbolic form
where δv i and δm̲ i denote, respectively, the changes in the vertex positions and in the material frame orientations. If the new configuration is obtained in a way that ensures the conservation of the linking number, meaning that Lk({v i ; m̲
Tw (22) where δWr = Wr({v i ′}) − Wr({v i }) and δTw = Tw({v i ′; m̲
Notice that this equality is strictly equivalent to the one derived in the smooth case.
Several researchers have already noticed the importance of this conservation equation either in theoretical models 18 or in computational methods. 37, 39, 40 We present here some novel methods to compute efficiently the changes in topology.
3.4.1. Writhing Number Gradient. As reported by Fuller, 18 it is possible to write the writhe difference between two smooth closed curves C 1 and C 2 as a single integral
where t 1 (t) and t 2 (t) are the unit tangents of C 1 and C 2 and t is a parametrization of both curves. This theorem implies several assumptions about the nature of C 1 and C 2 and the reader is referred to the work of Aldinger et al. 41 and Neukirch and Starostin 42 for detailed discussions. As shown in Appendix A.3, the Fuller formula can be linearized for infinitesimal changes in the vertex positions. We consider the discrete ribbon centerline C defined by the set of vertices {v i } and for each vertex we introduce a translation noted δv i . A new ribbon centerline C′ is then obtained when we consider the vertices {v i ′} = {v i + δv i }. If these changes are small, we can use the formula 
As any gradient, this vector points in the direction in which a given infinitesimal shift of the i-th vertex will result in the largest possible increase in the writhe. The preceding two expressions make it possible to obtain the difference in writhe, and hence the change in the total twist, for a discrete ribbon undergoing small configurational changes. These results are especially well suited to molecular dynamics simulations, in which the positions of atoms are subjected to small displacements at each time step.
3.4.2. Writhe Increment. It is also possible to compute the increment in the writhe of a discrete ribbon for finite changes. To do so, we first have to introduce the self-linking number of the ribbon centerline: the self-linking number of a curve is defined here as the linking number of the curve itself with the curve traced out by the binormal vector. In our discrete setting, we have the following decomposition for the self-linking number
where the m̲ b,i are orthogonal frames located at each vertex and built using the binormal vector, that is
We emphasize the point that the self-linking number can be evaluated with the method introduced above for the direct evaluation of the linking number of two segmented curves (eq 15). We also note that, contrary to the linking number of two curves, the self-linking number of a curve is not necessarily conserved under an arbitrary transformation. 31 However, like the linking number, the self-linking number is an integer, and hence its variation can only be an integer. Within our notation we can write
It is straightforward to show that the computation of the increment in the total twist in this case is equivalent to the determination of the change in the angles between successive binormal vectors. We then rewrite the writhe increment as 
This last result has the advantage of making it possible to compute the difference in the writhe for finite changes in the vertex positions when the new material frames are not known. Although one can argue that this formula introduces the costly evaluation of the self-linking number of the ribbon centerline, one can expect to conserve the self-linking number for small finite changes. Moreover, it is also possible to assume that small changes in the vertex positions induce small changes in the writhe. Then, if the writhe increment, computed with the assumption that the self-linking number is conserved, does not lie between −1 and 1, it simply means that the self-linking number has changed and that 1 or −1 should be respectively subtracted from the writhe increment.
3.4.3. Twist Increment. As a direct consequence of the linking number conservation, the total twist increment is known as soon as the writhe increment is known. However, if the material frames are known for the modified configuration it is usually faster to recompute the total twist and then the twist increment (in which case the writhe increment is known since the linking number is conserved). This is particularly true in Monte Carlo simulations of closed DNA in which a specific type of move is used to generate a new configuration: the move involves the random choice of two vertices that define an axis about which the shortest part of the closed DNA between the two vertices is rotated by a random angle.
6,43 Such a transformation of the discrete ribbon gives rise to a change in the twist density only for the two vertices that define the axis of rotation. The computation of these two new values is sufficient to obtain the increment in the total twist and hence the writhe increment.
RIBBON REPRESENTATIONS AND DNA SIMULATIONS
The increase in computing resources and biophysical data worldwide has led to an upsurge of interest in numerical simulations of the structures of DNA molecules. The methods developed here for the analysis of DNA topology were designed to be compatible with the computational approaches most widely used to model DNA, namely molecular dynamics, Monte Carlo, and Brownian dynamics methods. Molecular dynamics simulations of DNA model the physical movements of the constituent atoms over time. One outcome of such simulations is a detailed description of the configuration of the molecule, meaning the positions and the velocities of all atoms, at each time step. The methods we present here are designed to deal with such data and with the more coarsegrained representations of DNA structure used in other molecular simulations. We describe a way to construct a ribbon representation from a set of atomic coordinates and then we use our approach to characterize the geometry and topology of several structures, including: (i) three ideal double-helical models deduced from X-ray diffraction measurements; 44, 45 (ii) a 65 bp DNA minicircle captured in recent molecular dynamics simulations; 17 and (iii) an array of closely packed protein-bound double-helical fragments found in the high-resolution crystal structure of DNA complexed to the Borrelia burgdorferi Hbb protein. 46 
Ribbon Representation and Atomic Coordinates.
We start with a simple method to built a ribbon representation from atomic coordinates. Although this example deals with discrete data (atomic coordinates), the approach is very similar to that developed by White and Bauer 32 for smooth curves and discussed in the beginning of this paper.
We consider two sets of atomic coordinates: one denoted {v i }, which represents the centerline of the ribbon, and a second one denoted {A i }, which is used to derive the material frames (see Figure 4) . Following the method introduced in Section 2.3, we define a joining vector p i between the midpoints of corresponding segments in the two sets of atoms, (v i , v i+1 ) and (A i , A i+1 ). We take the tangent t i to lie along the segment containing (v i , v i+1 ) and define the director vector m 1 i as the normalized normal component of p i with respect to the tangent t i , that is,
The second director vector of the material frame is then obtained by the right-hand rule, m 2 i = t i × m 1 i . The geometry and the topology of the ribbon defined by the selected atoms can be characterized with the expressions described above.
Obviously, in the case of a closed double-stranded DNA molecule there are many different choices of atoms for constructing a ribbon. We will discuss different possible choices below, in the context of the geometry and the topology of a DNA minicircle.
4.2. Application to the Geometry and the Topology of Ideal DNA Helices. We first consider 20 bp fragments of three ideal DNA double helices−A, B, and C DNA, with, respectively, 11, 10, and 9 base pairs per helical turn−that are representative of the ways in which the right-handed doublehelical structure responds to changes in its chemical environment. 47−49 We choose these examples to give the reader insights into familiar forms of DNA and to provide useful standards for the analysis of other structures. The atomic coordinates for these structures have been obtained using the 3DNA software, 50 each with the sequence (ACTGA) 4 but with the different conformational repeating patterns found in the canonical X-ray diffraction models. 44, 45 As explained below, we compute the geometry and the topology of these structures by defining a discrete ribbon for each DNA strand and for the double helix. 4.2.1. Ribbons Definitions. The ribbon for a single strand is constructed here from the phosphorus P atoms and the glycosyl nitrogen N atoms that serve as anchor points for the bases on the sugar−phosphate backbone (N9 for adenine and guanine and N1 for thymine and cytosine). The P atoms, taken in sequential order along the 5′−3′ direction of the strand, specify the centerline, and the N9/N1 atoms of the corresponding nucleotides define the material frames. Once the discrete ribbon for the strand is obtained, we can compute the average curvature (eq 9) and the average twist density (eq 12) at the vertices. Since we consider open DNA fragments, we cannot compute a linking or a writhing number; however, we can compute the total twist of the ribbon and the inclination of the ribbon with respect to the global double-helix axis of revolution. The ribbon inclination angle ψ is defined as the angle between the first material frame director, m 1 , and the ideal DNA doublehelical axis taken as Z = (0,0,1) (for the second strand the direction of the double-helix axis is reversed). Finally, we note that since the ideal structures are composed of regularly repeating nucleotide units, the values of the geometric parameters along the ribbon are constant, and the choice of strand does not influence the results.
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We can also address the geometry of the DNA fragments at the double-helix level by reconstructing a ribbon based on the atoms in the two strands. The centerline of this ribbon is defined by the average positions of two corresponding phosphorus P atoms, i.e., the average positions of the P atoms belonging to the nucleotides that form a base pair. Either set of phosphorus atoms (since we average the strands, choosing one strand versus the other does not change the results) can be used with the centerline to complete the ribbon definition. It is then possible to compute the geometry and the topology of this double-helix ribbon.
4.2.2. Ideal DNA Ribbon Geometry. The numerical descriptions of the A-, B-, and C-DNA ribbons given in Table 1 and their three-dimensional representations in Figure 5 capture many well-known features of the canonical doublehelical structures. For example, the significantly shorter contour length L of the A-DNA single-strand ribbon compared to the lengths of the B-and C-DNA ribbons originates from the closer spacing between the phosphorus atoms on either side of the (C3′-endo) puckered sugar rings in the A form compared to the P−P distances across the (C2′-endo) sugar rings in the B and C forms. 51 The contour lengths of the double-helix ribbons are appreciably shorter than those associated with the single strands (roughly half to two-thirds the length). The relative lengths of the double-helix ribbons reflect the different spatial pathways of the paired bases as well as the spacing between adjacent residues in the three structures. Whereas the central core of B DNA describes a nearly straight line, the base pairs attached to the A and C structures follow helical pathways. These differences, which arise from the known lateral displacement, or slide, of successive base pairs in the A and C forms 50 , give rise to the smaller curvature κ ̅ of the B double-helix ribbon compared to the corresponding A and C ribbons. The differences in curvature are less pronounced for the backbone ribbons, all of which trace out helical pathways.
The integrated twist density θ at the vertices of the strand ribbons is roughly half the cylindrical angle Ω h , also called the helical twist, 52 which is commonly used to describe the orientation of successive residues in each canonical structure with respect to the global helical Z axis, i.e., Ω h = 360°/n, where n is the number of nucleotides per helical turn. The integrated twist density of the ribbons constructed for A and C DNA is also a fraction of the helical twist (0.83 and 0.77, respectively), but that of the double-helix ribbon for B DNA is nearly identical to the cylindrical angle. These differences reflect the degree of wrapping of the ribbon centerline about the global helical axis, and, as noted by Britton et al., 25 also stem from the local chiral distortions associated with the lateral displacement and bending of successive base pairs that produce such pathways. Indeed, the ribbons capture the latter bending through the inclination angle ψ. Whereas the cross-section of the B-DNA double-helix ribbon is almost perpendicular to the double-helix axis, those of the A and C ribbons are inclined at angles that differ by 35°−40°from the perpendicular orientation. In the case of A DNA, in which the base-pair steps bend in the direction of the major groove, 50 the inclination of the ribbon is less than 90°, and in the case of C DNA, in which the base-pair steps bend in the direction of the minor groove, 50 the inclination angle is greater than 90°. The inclination of the strand ribbons varies in the opposite sense, with that for A DNA being greater than 90°and that for C DNA being less. The differences in strand orientation within individual structures and among the different forms are immediately evident from the relative positions of the backbones and strand ribbons in Figure 5 . The twist density τ ̅ , which is given for completeness in Table 1 , can be derived, in the case of the ideal helices, from the integrated twist density, the contour length, and the number of base pairs N in the structural fragment, i.e., τ ̅ = (N − 1)θ/L. 4.3. Application to the Geometry and Topology of a DNA Minicircle. We next examine a covalently closed, 65 bp double-stranded DNA minicircle, which was captured in recent atomistic molecular dynamics simulations 17 and found to have a linking number Lk = 6 (see Figure 6 ). The pathway of the Ribbons defined either at the strand (top) or at the double-helix (bottom) level for each type of ideal form. The mean value for the curvature κ ̅ is computed using eq 9, that for the twist density τ ̅ with eq 12, and that for the integrated twist density θ with eq 11. The inclination angle ψ of the ribbon is defined as the angle between any m 1 vector (see Figure 1 ) of the discrete ribbon and the double-helical axis of the DNA fragments Z = (0,0,1). The contour length L is the sum of the lengths of the segments along the centerline. The number of base pairs per helical turn n is a characteristic of each ideal DNA.
helical axis of the minicircle is nearly planar, and hence its writhing number is close to zero (see Table 3 ). We first study the geometry and the topology of the minicircle at the strand level, and then we characterize the geometry and topology at the double-helix level. 4.3.1. Strand Level Analysis. The discrete ribbons for both strands of the minicircle are obtained with the same method used to treat the wrapping of ideal DNA, i.e., derivation of the centerline and material frames from the phosphorus and glycosyl nitrogen atoms. In addition, we also construct ribbon representations for each strand using nitrogen and carbon atoms of the bases. The atoms along the centerline are the glycosyl nitrogens, and the atoms used to derive the material frames are the carbons that lie on the outer, nonhydrogenbonded edges of the bases (C8 for adenine and guanine and C6 for thymine and cytosine). We can then compare the behavior of ribbons obtained using different choices of atomic coordinates. The results of our analysis are given in Table 2. 4.3.2. Double-Helix Analysis. We compute a double-helix ribbon representation of the minicircle using the same procedure applied to ideal DNA fragments. We compare the properties of the ribbon based on the P atoms from hydrogenbonded residues with the corresponding quantities computed for a ribbon described by the base-pair origins and frames (which are given in terms of the long, short, and normal axes determined with the 3DNA software). 50 The integrated twist density within the base-pair representation has been addressed in the work of Britton et al. 25 as explained in Appendix B. The other quantities can be computed by applying our methods to the centerline defined by the origins of the base-pair frames. The results are given in Table 3 .
4.3.3. Minicircle Geometry and Topology. Analysis of the DNA minicircle shows that the linking number is the same regardless of the atoms used to define the discrete ribbon and whether or not the structure is described at the strand or at the double-helix level. The invariance in Lk is easy to understand since the minicircle contains only nonmelted base pairs. That is, the strand ribbons are contained in the double-helix ribbon, and hence all the ribbons have the same linking number.
The choice of atom pairs naturally affects the shape of the ribbon and the relative contributions of the writhing number Wr and the total twist Tw to the linking number Lk. For example, the centerline of the strand ribbon described by the glycosyl (N1/N9) nitrogens is a more planar pathway with lesser Wr than that defined by the phosphorus atoms (ribbons respectively labeled (N9/N1, C8/C6) and (P, N9/N1) in Table 2 ). The writhing number of the doublehelix ribbon is even lower and closer to zero, particularly if described by the positions of the base-pair origins (Table 3) . Thus, the total twist is greater for a ribbon that passes through the latter points and smaller for a strand-based ribbon with the centerline connecting phosphorus atoms. These compensatory differences also appear in the average integrated twist density θ, which varies between ∼18°a nd ∼33°in the tabulated examples and in the twist density τ ̅ , which spans the range between ∼2.75 deg·Å −1 and ∼9.06 deg·Å
. The analysis further shows that the sequence-bearing strand s1 is slightly more writhed than the complementary strand s2 regardless of the choice of reference atoms and that the compensatory 4 repeating sequence. 44, 45 Each ideal structure is depicted by a simplified (base, phosphorus) atomic representation, in which the bases and the vectors that connect the P and N1/N9 atoms are shown in green (images obtained with Mathematica). The discrete ribbons, defined by these atoms, are represented in blue along the sequence-bearing strand and in yellow along the complementary strand. The former strand propagates along the positive Z axis. Note the different lengths, orientations, and global displacements of the ribbons in the three helical forms. differences in Tw, θ, and τ ̅ persist. The discrete curvature of strand s2, however, consistently exceeds that of strand s1.
The variation in twist along the strand ribbon constructed from the nitrogen and carbon base atoms is significantly larger than that along any of the other ribbons. The covalent linkage between the selected atom pair, N1−C6 of pyrimidines and N9−C8 of purines, presumably contributes to the wide variation in θ and τ ̅ , e.g., deviations of 13−15°in θ and roughly 3 deg·Å −1 in τ ̅ . The variation in θ and τ ̅ along a ribbon with the same glycosyl nitrogen centerline but with the material frames derived from the backbone P atoms is even greater (∼20°and ∼4.5 deg·Å
, respectively). Although the latter ribbon is the mathematical complement of the ribbon constructed using the P atoms to define the centerline and the glycosyl nitrogen atoms to derive the material frames, it is a very different entity. The helical wrapping of the P atoms around the N9/N1 centerline introduces much greater changes in the orientation of material frames. Note that the simple expression that relates θ and τ ̅ in an ideal, regularly repeating double helix, no longer holds for the irregular minicircle.
The color-coded circular strips around the molecular image in Figure 6 illustrate the variation in geometry around the minicircle, here the curvature κ ̅ and the twist density τ ̅ of the double-helix ribbon defined by the P atoms of paired nucleotides. The localized regions of high curvature and low twist are suggestive of sites where the DNA is likely to melt 17 (see the red triangles in Figure 6 ). The integrated twist density of this ribbon as well as that of the ribbon constructed from the base-pair origins and axes are consistent with the topological properties of the minicircle. A perfectly planar 65 bp DNA minicircle with a linking number of 6 should have an integrated twist density of 33.23°per base pair (6 × 360°/65 bp). The values of 32.80°and 33.27°per base bair found for the a The ribbons denoted (P, N9/N1) have a centerline formed by successive phosphorus P atoms and material frames defined by the glycosyl nitrogen atoms (N9 for A and G, N1 for C and T); those denoted (N9/N1, C8/C6) have a centerline formed by successive glycosyl nitrogens and material frames defined by the C8 atoms of purine and the C6 atoms of pyrimidine bases. The labels s1 and s2 refer respectively to the sequence-bearing and the complementary strands. Numerical values of the linking number Lk, writhing number Wr, and total twist Tw are obtained using eqs 15, 17, and 19, respectively. The mean value of the length associated with a vertex is reported as . The values of the remaining quantities are computed with the expressions listed in Table 1 . The values in parentheses are standard deviations. a One ribbon, here denoted (P, P), is constructed from the phosphorus atoms attached to hydrogen-bonded base pairs. The other ribbon is generated from the origins and coordinate frames assigned to DNA base pairs by the 3DNA software. See Tables 1 and 2 for the definitions of the parameters and the equations used to compute numerical values.
respective double-helix ribbons reflect the small nonplanarity of the minicircle. Comparison of the ribbons described by the minicircle atoms with those associated with ideal double-helical structures shows that the two strands are B-like in terms of the curvature, twist density, and P−P spacing (∼6.7 Å/bp, obtained from the quotient of the contour length L and the number of base pairs N). Although the distance between successive P atoms never drops to the ∼5.5 Å separation characteristic of A DNA, the sequential variation in curvature and twist density includes many states with values characteristic of A and C DNA. Indeed, the conformational excursions along the double-helix ribbon in Figure 6 extend far beyond the limits of the canonical structures. In fact, the curvature is closer to that of A or C DNA and the integrated twist density lies nearly midway between the A-and B-DNA reference states.
4.3.4. Melted Minicircle. We complete our analysis of the topology and the geometry of the minicircle with the examination of a different configuration of the same minicircle, i.e., a configuration obtained at a different time during the simulation. Notably, two bases found in a hydrogen-bonded Watson−Crick arrangement in the previously described structure are no longer paired in this configuration. That is, localized melting has occurred in the minicircle during the course of the simulation as can be seen in Figure 7 .
This example illustrates how our methods can be applied to such melted structures and, in particular, how the quantities we introduce to describe the geometry and the topology of DNA at the atomic scale capture the melting.
Because the melting in the minicircle is localized to a single base pair, the use of a ribbon representation based on the double helix, i.e., a ribbon built from the phosphorus atoms of both strands, will not capture the changes due to the melting. We need to study two ribbons, one associated with each strand of the minicircle. The strands ribbons are obtained with the same method used to describe the wrapping of ideal DNA at the strand level, i.e., P and N1/N9 atoms. The results are given in Figure 7 .
The melted base pair, depicted by a red arrow in the simplified atomic representation in Figure 7a , is well-captured by the variation in the twist density along the two ribbons obtained for each strand. The twist density in the vicinity of the melted base pair is nearly 5-fold greater than the average value for both strands (2.60 and 2.65 deg·Å
, respectively). The strong localization of this large deformation makes it easy to identify the melted site. Moreover, we expect that such a variation in the twist density is a signature of a flipped-out base. In addition, we do not observe significant deviations in the twist density for the strand ribbons from the values obtained for the nonmelted minicircle (given in Table 2 ) except for the sites where melting occurred.
Although this example shows how our methods can be applied to the treatment of a locally melted structure, it is not intended to describe a general method for the characterization of the topology and the geometry of any melted structure. Indeed, because the minicircle contains only a single melted base pair, the spatial deviations of the residues from the canonical double-helical structure are small. One can expect to have very different results for structures with large melted regions. Moreover, the assessment of the topology of highly melted structures requires a careful examination of the commonly accepted notions of linking number and its decomposition in terms of total twist and writhing number. As pointed out by White and Bauer, 19 the traditional decomposition of the linking number as the sum of the writhe and the total twist does not necessarily hold for melted structures. In the case of more extensively melted structures, one finds instances in which the sum of the total twist and the writhe is an integer other than the linking number. We plan to treat these cases in a forthcoming paper.
4.4. Application to the Writhing Number Gradient of the Hbb−DNA Complex. We conclude our series of Figure 7 . Sequential variation of the twist density τ ̅ , in units of degree per Ångstrom, along the strand ribbons constructed from the phosphorus and glycosyl nitrogen atoms of individual strands of a locally melted 65 bp simulated minicircle. The base pairs and P atoms are depicted (a) as in Figure 6 . The color-coded ring around the structure describes the variation in the twist density along the first strand (s1). The line plots (b) show the variation of the twist density along the ribbons for each strand with s1 in red and s2 in blue, where s1 bears the sequence depicted in Figure 6 . The melted region is represented (c) in a close-up view, where the numbers denote the base-pair index along s1, the blue lines depict paired bases, and the dashed black line indicates the two bases of the melted base pair. Note the sharp bending of DNA about the site of melting.
examples with the computation of the integrated twist density and the writhing number gradient dWr({v i })/dv i for the Sshaped pseudocontinuous double-helical pathway found in the high-resolution crystal structure of DNA with the Hbb protein from B. burgdorferi, 46 the tick-borne bacterium that causes Lyme disease in humans. 53, 54 The protein assembles as a homodimer on DNA and bends a 35 bp double-helical stretch by over 180°. The meandering pathway comes from the packing of the assembly in the crystal lattice: The terminal base pairs in each protein-bound duplex stack on the base pairs at the ends of the DNA in two other such complexes.
Here we examine a 105 bp DNA fragment (see Figure 8 ) generated from the atomic coordinates, space group (P2 1 2 1 2 1 ) and cell constants (a = 59.27, b = 88.32, c = 96.57 Å) of the crystal structure (Protein Data Bank entry 2NP2). We proceed along lines similar to those used in the analysis of ideal DNA fragments and the minicircle. We construct a double-helix ribbon from the base-pair frames identified with 3DNA. 50 The centerline connects the base-pair origins, and the material frames emanate from the vertices and coincide with the basepair axes. We compute the integrated twist density for each segment of the centerline (eq B.1), the values of which are given in Figure 9 . We also compute the writhe gradient (eq 25) along the centerline of the ribbon and report its magnitude in Figures 8 and 9 . The writhe gradient gives for each vertex the direction along which any moderate local change in the vertex position produces the largest variation in the writhing number. Subsequently, the sites for which the writhe gradient magnitude is the largest correspond to the sites where a small modification of the structure might, all other things being equal or held constant, give rise to noticeable global changes in the topology and the geometry of the DNA structure.
Our characterization of the topology and geometry of the Hbb-bound DNA chain corroborates and complements the spatial features of DNA identified by the crystallographers who determined the structure. 46 For example, the locations of the two large protein-induced bends in the DNA, near the tip of each β-ribbon arm of the protein homodimer (denoted by yellow arrows in Figures 8 and 9 ), correspond to low values of the integrated twist density and low magnitude of the writhe gradient. Small changes in the base-pair origins at these points would have little effect on the writhing number of a covalently closed DNA that incorporates the Hbb-bound fragment (as long as the DNA ribbon remains free of self-intersection). By contrast, the magnitude of the writhe gradient is nearly 10-fold greater at four sites (denoted by black arrows) where the α-helical body of the Hbb homodimer contacts the DNA. Small displacement of the base-pair origins at these locations would produce changes in the writhing number of a closed Hbbbound DNA greater than any that would be brought about by the movement of other base-pair origins. Furthermore, the changes in base-pair position that lead to these large changes in writhe depend upon DNA sequential location. That is, the large changes in Wr highlighted by the pair of black arrows closer to Figure 8 . Simplified atomic representation (left) and magnitude of the writhe gradient (right) for an array of Hbb−DNA complexes. 46 The bases and the P atoms of the depicted 105 bp DNA fragment are represented in green and the backbones of the bound Hbb homodimers in gold. The writhe gradient is computed from the base-pair origins for the same 105 bp fragment by the use of eq 25, and its magnitude, in units of inverse Ångstrom, is indicated along the color-coded tube. The intensity of colors is proportional to the displacement of atoms and base-pair origins with respect to the plane of the paper, i.e., brightest for points above the plane and dimmest for those below the plane. The black and yellow arrows point respectively to areas of high and low magnitude of the writhe gradient, the numerical values of which are reported in Figure 9 and discussed in the text. the ends of the homodimer-bound fragment entail motions of the associated base-pair origins out of the plane of Figure 8 , while those in the vicinity of the second pair of black arrows arise from motions of the related base-pair origins toward the α-helices along the horizontal axis of the figure. Whereas the former movements affect the chirality of DNA wrapping around the protein, the latter deformations introduce a kink in the double helical pathway. Finally, it is worth noting that the changes in base-pair positions that would produce greater changes in the writhing number lead to significant changes in the integrated twist density of the two segments of the ribbon that flank the perturbed base-pair origins. These changes in twist occur whether or not the DNA is covalently closed. If the DNA is closed, the variation in the total twist is the equal in magnitude, but of the opposite sign, to the variation in writhing number.
DISCUSSION
We have presented in this paper a general framework to assess the geometry and the topology of DNA structures in terms of the constituent atoms. This framework is based on a ribbon representation of the DNA, at either the strand or the doublehelix level, and makes it possible to compute parameters that capture the geometry and topology associated with different parts of the molecule. Our approach is especially well suited for rapid and accurate characterization of the configurations of large double-stranded structures. We have shown with different examples that our methods can be applied to DNA structures that come from different sources, such as configurations obtained in numerical simulations or structures available in public databases, and that the derived parameters add new insights into the global molecular structures. For example, we can pinpoint those parts of a protein-bound DNA molecule which contribute most to the changes in topology observed experimentally and can identify those points along a covalently closed, circular molecule which would have the greatest effect on its topological properties upon perturbation of the structure. Our methods thus provide a useful tool that complements the traditional analysis of DNA structure at the local level, in terms of quantities such as the rigid body parameters that relate paired bases and the dihedral angles that describe the chemical framework, and introduce a connection between the changes in DNA fine structure and the folding of the molecule as a whole.
The novelty of our work resides, in part, in our capability to quantify the geometry and topology of DNA structures along the pathways described by specific atoms or points in the molecule. We show, in our analyses of three canonical double helices (Section 4.2) and a 65 bp DNA minicircle (Section 4.3), how to construct various ribbon representations of the individual strands. We have found in these examples that the choice of atoms used to define the strand ribbon has a profound effect on the values of the derived geometric and topological parameters. This dependence on the choice of atoms reflects the nonuniformity of the double-helical structure. The spatial pathways taken by the atoms in one part of the molecule (such as base versus backbone atoms) do not necessarily follow those of atoms in another part. The different geometry and topology of ribbons defined by various sets of atoms raise questions about DNA models that are based on point-like representations of the double-helical structure. 11 In order to reproduce known behaviors of the double helix, these models must take correct account of the selected atoms in known DNA structures. For example, the twist of successive base atoms is not necessarily the same as the twist of the backbone atoms (see Tables 1 and 2 ). Moreover, it could be interesting to study the relative changes in the geometry and the topology of the atoms forming the DNA backbone versus the atoms forming the bases during the course of molecular dynamics simulations.
Although we have provided examples of the application of our methods to DNA structures, it should be understood that the scope of our methods is broader. The discrete setting we have introduced to describe the geometry and the topology of a ribbon can be readily applied to any molecular structure, such as that of a globular protein, a folded RNA, or a cyclic peptide. For example, one could derive a ribbon representation of a cyclic peptide or folded protein in terms of the coordinates of the Cα and Cβ atoms in successive amino acid residues. Our methods then make it possible to examine the structures of such molecules in a novel way, such as the identification of distinctly different global configurations in terms of the writhing number without the need for molecular visualization.
Finally, the mathematical framework presented here lays the foundation for quantitative treatment of the topology of more complex DNA structures, such as melted duplexes with flippedout or unpaired bases, closed circular molecules with extruded cruciforms, multistranded helices, etc. We will show in a forthcoming publication how to take advantage of the strandbased ribbon representation of DNA to address the geometry and the topology of such structures.
The methods described in this paper are implemented in a C++ library for Linux and Unix-based operating systems available upon request to the authors.
■ APPENDIX A. Segmented Curve Geometry and Topology
The derivation of expressions that deal with certain aspects of the geometry and topology of a segmented curve requires integration across the vertices of such a curve. Here we first introduce a smoothing function that facilitates this integration and then employ the result in integrations to deduce properties of the curvature of the segmented curve and to derive an expression for the small writhe difference, dWr, between two similarly shaped, closed, segmented curves by evaluating a linearized Fuller integral, given in its full form in eq 23. Finally, we derive a vector called the writhing number gradient that can be used to give information about the topological properties of closed segmented curves.
A.1. Segmented Curve Smoothing Procedure. We consider a discrete closed segmented curve defined by the vertices {v i } (see Figure 3) . For each vertex we define a relative arc length s i , such that s i = 0 corresponds to the vertex position v i and − |e We introduce a smoothing function, denoted H(s), defined on [−ε; ε], and assume that H(s) has the following properties:
• H(−ε) = 0, H(ε) = 1, and H(0) = 1/2, • H(s) is monotonically smoothly increasing.
We now define on the local domain [−ε; ε] of each vertex a smooth curve with a unit tangent given by The segmented curve appears in the limit ε → 0. By setting H(s) equal to 1/2 in eq A. , where α i is the turning angle at the vertex. It will be seen below that the values of the integrals that we shall be dealing with in our discussion of the curvature and the writhing number, like the tangent at the vertex, are also independent of the value of ε, and so the results obtained will be valid for the segmented curves. 55 A.2. Average Curvature. The smoothing procedure makes the segmented curve and its first derivative, the tangent, continuous. Hence, we can express the binormal curvature vector k i on a given vertex domain, as (A.14)
We thus have an expression for the rate of change of the writhe increment with respect to the vertex positions. In other words, we can write This expression for the writhe gradient is similar to that previously obtained by de Vries 40 with the use of vertex position interpolation and more involved calculations (we believe that the discrepancy between eq A.14 and the expression in the cited work is a typographical error). Aldinger et al. 41 also obtained similar results but for smooth curves.
B. Twist Density Across a Segment
We present here the results obtained by Britton et al. 25 related to the calculation of the total twist density for a segmented curve.
We consider two consecutive vertices, v i and v i+1 , and assume that the material frames emanating from those vertices are adapted. This assumption implies that the tangent at the first vertex is t i = (t i−1 + t i )/|t i−1 + t
